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Abstract. Let fc be a perfect field of characteristic different from two. We 
show that the filtration on the Grothendieck-Witt group GW(fc) induced by 
the slice filtration for the sphere spectrum in the motivic stable homotopy 
category is the /-adic filtration, where / is the augmentation ideal in GW(fc). 
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Introduction 

Let A: be a perfect field of characteristic different from two. A fundamental 
theorem of Morel [8l [Ij states that the endomorphism ring of the motivic sphere 
spectrum §/j G SH{k) is naturally isomorphic to the Grothendieck-Witt ring of 
quadratic forms over k, GW(fc). This result follows from Morel's calculation [H 
corollary 3.43] of the corresponding bi-graded homotopy sheaves of S*" A G!^ in the 
unstable motivic homotopy category 7i,{k) as the Milnor-Witt sheaves 



K^"^ ior n^m>2,q>l,p>0, 



for m < n,p,q > 0. 
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Evaluating at k and taking m — n, p — q gives 

EndH.ik){S"' A G^;?) = ^(^^^(fc) for m > 2,q > 1. 

Combining this with Morel's isomorphism Kq^'^ (k) = GW(A;) and stabilizing gives 
Morel's theorem 

End5„(fc)(§fe) -GW(fc). 

This also leads to the computation of the homotopy sheaf TTp^pS^G^' (in the S^- 
stable homotopy category SHs^ik)) as K_^[^ , for all 9 > 1, p > 0. 

In another direction, Voevodsky [TS] has defined natural towers in ST-L{k) and 
57^51 (k), which are analogs of the classical Postnikov tower in SH; we call each of 
these towers the Tate Postnikov tower (in S'H{k) or ST-Ls^ik), as the case may be). 
Just as the classical Postnikov tower measures the ^'"-connectivity of a spectrum, 
the Tate Postnikov tower measures the S'*'" connectivity of a motivic spectrum. 

In particular, the tower for S/c 

. . . fn+Sk ^ /„§fe ^ . . . ^ /oSfe = Sfc 

gives a filtration on the sheaf 7ro,o§fc by 

^Tatei'o,oSfe := im(7ro,o/nSfe ^ 7ro,o§fc). 
We have a similarly defined filtration on TTp pE^G^"^, which determines ^xato'^'o o^fc : 

by 

F^,,,7ro,o§. := lim f^^+>,,,SrGr„'(A;). 

Our main result is the computation of F^^^^-Kp^pYj^G'^ , and thereby F^^^^TiQ^Sk 
(on perfect fields) 

Theorem 1. Let k he a perfect field of characteristic ^ 2 and let F he a perfect field 
extension of k. Let n,p > 0, q > 1 be integers and let N(a,b) = max(0, min(a, 6)). 
Then via the identification given hy Morel's isomorphism TTp.pE^G^'^ = Kq^-^ • 
have 

F-^,^7Tp,pYTKSF) = K^'JiF) ■ I{F)^(-P^-^\ 
where I{F) C K^^{F) is the augmentation ideal. After stabilizing, this gives 

F?,,,7rp,pI]«^§fe(F) = K^iJ{F)I{F)''^-P'-'^\ n,p,qe Z, 
in particular, 

i^?,,,7ro,o§fe(F)=/(F)--("^o). 

See theorem 19. 14[ corollary 19. 151 and coroUarv 19 . 161 for details. 

Remark 1. In case fc is a field of characteristic 0, we have a finer result, namely the 
identities stated in theorem [T] extend to identities on the corresponding sheaves, for 
example 

Of course, one can more generally consider the filtration F^^^^na.tS on the homo- 
topy sheaves na,bS induced by the Tate Postnikov tower for an arbitrary T-spectrum 
£ 6 S'H{k). In general, we cannot say anything about this filtration, but assum- 
ing a certain connectedness condition, we can compute the filtration on the first 
non- vanishing homotopy sheaves, evaluated on perfect fields. 
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Theorem 2. Let k be a perfect field of characteristic ^ 2 and let F be a perfect 
field extension of k. Take £ G S'H{k) and suppose that ■na+b,b£ = for a < 0, 
6 G Z. Then for n > p, 

For n < p, we have the identity of sheaves 

To explain the notation: The canonical action of tt, on ^T^^.^,£, gives, for each 
finitely generated field extension L of fc, a right ii'*^^(i)-module structure on 
7r*^,f (L), giving us the subg roup '7^n,n 

£{L) ■ K^'^{L) of TTp^p£{L). This extends to 
arbitrary field extensions of k by taking the evident colimit. Also, for each closed 
point w G A^, we have a canonically defined transfer map 

Trpiw)* : 7ra.t£{Fiw)) ^ 7Ta,b£{F) 

(see gUfor details). [nn^n£ ■ K^'J^]'^- (F) is the sub group of Trp,p£{F) generated by 
the subgroups Trpiw)* {■Kn,n£{F{'w)) ■ K^_^ {F{w))), as w runs over closed points 
of A^. See theorem [9. 121 for details. 

Theorem [1] is an easy consequence of theorem [2] one uses Morel's unstable com- 
putations of the maps S"*'^ A SpecF+ — >■ S""-" to reduce theorem [1] to its T-stable 
version and then one uses the explicit presentation of to compute 

Morel's results on strictly A-'^-invariant sheaves allow us to go from the statement 
on functions fields to the one for the sheaves. 

The restriction to perfect fields arises from a separability assumption needed to 
compute the action of transfers on our selected generators for F^^^^Trp^p£. We avoid 
characteristic two so as to have a description of the homotopy sheaves of the sphere 
spectrum in terms of Milnor-Witt iC-theory. 

The paper is organized as follows. After setting up our notation and going over 
some background material on motivic homotopy theory in section [U we recall some 
basic facts about the Tate Postnikov tower in section [21 In section [3] we prove some 
connectedness results for the terms fnE, SnE in the Tate Postnikov tower for an S'^- 
spectrum E and give a description of generators for the subgroup F^^^^ttoE{F), all 
under a certain connectedness assumption on E. The generators are then factored 
into a product of two terms, one depending on E, the other only on the choice of 
a closed point of \ dAp. We analyze the second term in sections HHHl our main 
result being a description of this term as the nth suspension of a "symbol map" 
associated to units ui, . . . , w„ G F^ . This is the main computation achieved in this 
paper. It is then relatively simple to feed this result into our description of the 
generators for F^^^^TroE{F) to prove theorems [1] and [2] in section [SJ we conclude in 
section [TU] with some remarks on the convergence of the Tate Postnikov tower. 

I thank the referee for making several helpful suggestions and for pointing out 
a number of errors, including an incorrect formulation of theorem [2l in an earlier 
version of this paper. Finally, I wish to thank the editors for giving me the oppor- 
tunity of contributing to this volume. As a small token of my gratitude to Eckart 
for all of his aid and support over many years, I dedicate this article to his memory. 
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1. Background and notation 

Unless we specify otherwise, k will be a fixed perfect base field, without restric- 
tion on the characteristic. For details on the following constructions, we refer the 
reader to [3 H [3 [H [9l [Til [12] . 

We write [n] := {0, . . . ,n} (including [—1] = 0) and let A be the category with 
objects [n], n — 0,1,..., and morphisms [n] — > [m] the order-preserving maps of 
sets. Given a category C, the category of simplicial objects in C is as usual the 
category of functors A°p — )> C. 

Spc will denote the category of simplicial sets, Spc, the category of pointed 
simplicial sets, H :— Spc[WE~^] the classical unstable homotopy category and 
Hm '■= Spc,[VFi?^^] the pointed version. We denote the suspension operator — AS^ 
by Ss. Spt is the category of suspension spectra and STi. :~ Spt[VFi?~^] the 
classical stable homotopy category. 

The motivic versions are as follows: Sm/fc is the category of smooth finite type 
fc-schemes. Spc(fc) is the category of Spc- valued presheaves on Sm/fc, Spc,(fc) the 
Spc, -valued presheaves, and Spt5i(fc) the Spt-valued presheaves. These all come 
with "motivic" model structures (see for example [5]); we denote the corresponding 
homotopy categories by TL{k), T-L,{k) and SHs^ik), respectively. Sending X e 
Sm/fc to the sheaf of sets on Sm/fc represented by X (also denoted X) gives an 
embedding of Sm/fc to Spc(fc); we have the similarly defined embedding of the 
category of smooth pointed schemes over fc into Spc,(fc). All these categories are 
equipped with an internal Hom, denoted Horn. 

Let Gm be the pointed fc-scheme (A^ \ 0,1). In T-L,{k) we have the objects 
ga+bA i]a([jM^ foj. b > 1, 5"'° := 5" = S^Specfc+. If X is a scheme with a 
fc-point X, we write {X,x) for the corresponding object in Spc,(fc) or H»(fc). For 
a cofibration y X in Spc(fc), we usually give the quotient X/y the canonical 
base-point y/y, but on occasion, we will give X/y a base-point coming from a 
point X G X{k); we write this as {X/y,x). 

We let T := A^/{A^ \ {0}) and let Spty(fc) denote the category of T-spectra, 
i.e., spectra in Spc,(fc) with respect to the T-suspension functor St := — AT. 
Sptrp{k) has a motivic model structure (see [5]) and S'H{k) is the homotopy cat- 
egory. We can also form the category of spectra in Spt5i(fc) with respect to Et; 
with an appropriate model structure the resulting homotopy category is equivalent 
to STL{k). We will ignore the subtleties of this distinction and simply identify the 
two homotopy categories. 

Both 5^51 (fc) and S'H{k) are triangulated categories with suspension functor 
Eg. We have the triangle of infinite suspension functors and their right adjoints 



n. (fc) SHsi (fc) n, (fc) sns^ (fc) 





both commutative up to natural isomorphism. These are all left, resp. right derived 
versions of Quillen adjoint pairs of functors on the underlying model categories. We 
note that the suspension functor Eg„ is invertible on ST-L(k). 
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For X e Ht{k), we have the bi-graded homotopy sheaf iTa.bX, defined for 6 > 0, 
a — 6 > 0, as the Nisnevich sheaf associated to the presheaf on Sm/fc 

These extend in the usual way to bi-graded homotopy sheaves i^afiE for E S 
SHs^ik), & > 0, a G Z, and TTa,b£ for £ £ ST-L{k), a,b ^ "Z, by taking the Nis- 
nevich sheaf associated to 

as the case may be. We write 7r„ for 7r„^o; foi' e.g. E G Spt5i(fc) fibrant, 7r„£' is 
the Nisnevich sheaf associated to the presheaf U i— >■ ■Kn{E{U)). 

For F a finitely generated field extension of fc, we may view Spec F as the generic 
point of some X G Sm/fc. Thus, for a Nisnevich sheaf S on Sm/fc, we may define 
S{F) as the stalk of S at SpecF G X. For an arbitrary field extension F of fc (not 
necessarily finitely generated over fc), we define S{F) as the colimit over S{Fa), as 
Fa runs over subfields of F containing fc and finitely generated over fc. 

2. The homotopy coniveau tower 

Our computations rely heavily on our model for the Tate Postnikov tower in 
SHs^ik), which we briefly recall (for details, we refer the reader to [6j). We start 
by recalling the Tate Postnikov tower in SUs^ (fc) and introducing some notation. 

Fix a perfect base- field fc. Let 

Et -.SHsiik) ^SHsiik) 

be the T-suspension functor. For n > 0, we let SJiS'Hgi (fc) be the localizing subcat- 
egory of 57^51 (fc) generated by infinite suspension spectra of the form 
with X G Sm/fc. We note that J^^STLs^ik) = SHs^ik). The inclusion functor 
in '■ SJiS'H5i(fc) — >■ iS'Hsi(fc) admits, by results of Neeman 13 , a right adjoint r„; 
define the functor /„ : 57^51 (fc) — >■ SHsi{k) by /„ :— i„ o r„. The unit for the 
adjunction gives us the natural morphism 

Pn ■■ fnE E 

for E G 5H5i(fc); similarly, the inclusion I]™5'H5i(fc) C T^^ST-Ls^ik) for n < m 
gives the natural transformation fmE — > fnE, forming the Tate Postnikov tower 

. . . fn+iE ^ fnE -^...^foE = E. 

We complete fn+iE fnE to a distinguished triangle 

fn+lE fnE SnE /„+i£'[l]; 

this turns out to be functorial in E. The object s„i? is the nth slice of E. 

There is an analogous construction in ST-L{k): For n G Z, let Y^'lj^S'TC^ ^ [k) C 
ST-L^k) be the localizing category generated by the T-suspension spectra 
for X G Sm/fc. As above, the inclusion i„ : Yil^ST-C^ ^ {k) — S'H{k) admits a left 
adjoint r„, giving us the truncation functor /„ and the Postnikov tower 

. . . ^ fn+iS fn£ ^ ■■■ ^ £■ 

Note that this tower is in general infinite in both directions. We define the layer 
Sn£ as above. 

By [i theorem 7.4.1], the 0-space functor sends U^SU^'f ^ (fc) to Y.'^SUs^ (fc)- 
This fact, together with the universal properties of the truncation functors /„ in 
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SHs^ik) and S'H{k), plus the fact that is a right adjoint, gives the canonical 
isomorphism for n > 

(2.1) frS^T ^ — fn^- 

Furthermore, for E e SHs^ik), we have (by [6j theorem 7.4.2]) the canonical 
isomorphism 

(2.2) ilG^fnE^ fn-l^G^E. 

As 57g^ : ST-L{k) ST-L{k) is an auto-equivalence, and restricts to an equivalence 

: ^^sn^^ik) -> i:j^-^sn'"{k), 

the analogous identity in S'H{k) holds as well. 

Definition 2.1. For a e Z, 6 > 0, G SUs^ik), define the filtration i^-f^t^TTa^bE', 
n > 0, of 7ra,;,£' by 

F-Ta^tc'^afiE im(7ra^b/„£' ^ ITa^bE). 

Similarly, for £ G S'H{k), a, 6, n e Z, define 

^Tato'^a.bf := im(7ra,6/„f TTafi£)- 

The main object of this paper is to understand -Fxatc'^'o-^ ^'^^ suitable E. For 
later use, we note the following 

Lemma 2.2. 1. For E E SHs^{k), n,p,a,b ^ Z with n,p,b,n — p,b — p > 0, the 
adjunction isomorphism HafiE = iTa-p.b-p^G ^ induces an isomorphism 

ETate^a,bE = Fl^p^^^TTa^pfi^p^Q^E . 

Similarly, for £ G SH{k), n,p^a,b G Z, the adjunction isomorphism 'Ka,b£ — 
TTa-p.b-p^G £ induces an isomorphism 

^Tate^a,bO — r rp^^^TVa-pM-p'' ''G^^ ■ 

2. For £ G SH^k), a,b,n G Z, with b,n > 0, we have a canonical isomorphism 

f£,a,b,n '■ T^a,bfn£ ~^ T^a,b^T fn£, 

inducing an isomorphism FJ]^^^^'Ka,b£ — FTate^a.b^j^ £ ■ 
Proof. (1) By (j2.2p . adjunction induces isomorphisms 

ETa.te'^a,bE := iu\{Tl a ,b f nE TTa^bE) 

= im{7ra-p^b-p^G„JnE na-p,b-p^G^E) 

= mi^TTa-p.b-pfn-p^Grr^F ~^ ""a-p.^-p^Gm-^) 

The proof for £ G S7i{k) is the same. 

For (2), the isomorphism Lps,a,b.n arises from (j2.ip and the adjunction isomor- 
phism 

Hom5«^, (k) (Sr Sr ''S^^C/+, f,M^£) = Homsw^, (k) {^TK^'^L U+,^^ fn£) 

- Hom5w(fc)(S??Sr''I]^^C/+,f ). 

□ 
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We now turn to a discussion of our model for fnE{X), X e Sm/fc. We 
start with the cosimpHcial scheme n i— >■ A", with A" the algebraic n-simplex 
Spec k[to, . . . ,tn]/ J2i ~ 1- The cosimphcial structure is given by sending a map 
g : [n] ^ [m] to the map g : A" — > A™ determined by 




,tj if ^0 
else. 



A face of A"* is a closed subscheme F defined by equations ti^ = . . . = ti^ =0; 
we let 9A" C A" be the closed subscheme defined by IliLo** — 0' i-^-' 
union of all the proper faces. 

Take X e Sm/fc. We let s'-^\m) denote the set of closed subsets W C X x 
such that codimxxFW^nX x i^" > g for all faces F C A™ (including F = A™). We 
make iSj^' (m) into a partially ordered set via inclusions of closed subsets. Sending 
m to S'^\m) and <? : [n] — >■ [m] to g~^ : Sx\m) — >■ Sx\n) gives us the simplicial 
poset Sj^\ 

Now take E e Spt5i(fc). For X e Sm/fc and closed subset W C X,we have the 
spectrum with supports {X) defined as the homotopy fiber of the restriction 
map E{X) — > E{X \ W). This construction is functorial in the pair {X, W), where 
we define a map / : {Y,T) — >• {X,W) as a morphism / : F — >• X in Sm/fc with 
f-\W) C T. 

Define 

i;(«)(X,m) := hocolim E^{X x A™). 

The fact that m i->- (to) is a simplicial poset, and iY,T) -E^(y) is a functor 
from the category of pairs to spectra shows that m i->- E^'^^ {X, to) defines a simplicial 
spectrum. We denote the associated total spectrum by E^'^\X). 

For q > q' , the inclusions 5^'' (to) C iSj^ '(to) induces a map of simplicial poscts 

Si^^ C >sjf«'' and thus a morphism of spectra ig,,g : E^i\X) E^i'\X). We have 
as well the natural map 

ex : E{X) Tot(£;(X x A*)) = E^°\X), 

which is a weak ciquivalence if E is homotopy invariant. Together, this forms the 

augmented homotopy coniveau tower tower 

{X):=...^ (X) ^ (X) ^ . . . E^^^ {X) ^ E^°^ (X) ^ E{X) 

with iq := iq,q+i- Thus, for homotopy invariant E, we have the homotopy coniveau 
tower in SH 

E<-*'^ (X) := . . . ^ (X) ^ (X) ^ . . . ^(1) (X) ^ ^(0) (X) ^ £;(X). 

Letting Sm/fk denote the subcategory of Sm/fc with the same objects and with 
morphisms the smooth morphisms, it is not hard to see that sending X to E^*") (X) 
defines a functor from Sm//k°P to augmented towers of spectra. 

On the other hand, for E € Spt5i(fc), we have the (augmented) Tate Postnikov 
tower 

UE:=...^ fg+iE fqE^...^ ,hE ^ E 

in ST-Ls^ik), which we may evaluate at X € Sm/fc, giving the tower f^:E{X) in 
SH, augmented over E{X). 
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As a direct consequence of our main result (theorem 7.1.1) from [6 we have 

Theorem 2.3. Let E be a quasi- fibrant object in Spt5i(fc) for the model structure 
described in 4 , and take X G Sm/fc. Then there is an isomorphism of augmented 
towers in 5% 

if,E)iX) = E^*\X) 

over the identity on E(X), which is natural with respect to smooth morphisms in 
Sm/Zc. 

In particular, we may use the explicit model E'^'i^{X) to understand {fqE){X). 

Remark 2.4. For X,Y Sm/fc with given fc-points x G X{k), y G ^(fc), we have a 
natural isomorphism in (fc) 

T.f{X AY)®T.f{XVY)^ T.f{X x Y) 

i.e. A y) is a canonically defined summand of T,^{X xY). In particular for 

E a quasi-fibrant object of Spt5i(fc), we have a natural isomorphism in STi 

nom{T.^{X AY),E)^ hofib {E{X x Y) ^ ho&h{E{X) © E{Y) E{k))) 

where the maps are induced by the evident restriction maps. In particular, we may 
define E{X f\Y) via the above isomorphism, and our comparison results for Tate 
Postnikov tower and homotopy coniveau tower extend to values at smash products 
of smooth pointed schemes over fc. 

3. Connectedness and generators for ttq 

As in section [2l our base-field fc is perfect. We fix a quasi-fibrant S'^-spectrum 
E G Spt5i(fc). 

Lemma 3.1. Let F be a finitely generated field extension of k, x ^ hJp a closed 
point. Then for every m > 0, the map 

io* ■■ e'-'-^'^^A'' X A^') ^ £;(^x^-A")(A" x A??) 

induced by the map of pairs 

idA-xA" : (A" X A^, a; X A'^) ^ (A" x A^, {x, 0)) 

is the zero-map in SH. In particular, the induced map on homotopy groups is the 
zero map. 

Proof. We use the Morel- Voevodsky purity isomorphisms in 'H,{k) [12, Theorem 
3.2.23], with the isomorphisms defined via a fixed choice of generators for the max- 
imal ideal C Oaj,,!: and toq C Oa^.o 

A^ X A'"/(A^ X A™ \{(x,0)}) E^+'"'{x,0)+ 

= E?,a; X A™/(a; x A" \ {{x, 0)}) 

A'> X A™/(A'^ X A" \ X X A™) = E^a; x A!;'. 

Via these isomorphisms, the quotient map 

q : A^ X A'"/(A^ X A" \ a; X A") ^ A^ x A"/(A'> x A™ \ {(a;,0}) 

is isomorphic to the nth T-suspension of the quotient map 

g' : a; X a;' X X A"/(a; x A™ \ {(a;,0)}) 
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As io* is the map induced by applying 'Hom{—,E) to S^g, we need only show 
that q' factors through the map x x A!p — >■ * (in 'H,{k)). This follows from the 
commutative diagram 

a; X 1+ ^ > a; X A!p 

«' 

* > X X A™/(a; x A™ \ {(a;, 0)}), 

where 1 = (1,...,1) e A"*, since i is an isomorphism in 'H,{k) by homotopy 
invar iance. □ 

We have the re-indexed homotopy sheaves Iln,m{E) := 7r„_|-„i^m(^^)- We have as 
well the sheaf 7r„i? := TTn.oE; wc call E m-connected if 7r„(£') ~ for all n < m. 

Since iJ(")(X) — Tot[m iJ(")(X, m)], we have the strongly convergent spectral 
sequence 

(3.1) ElJX) = 7r,£(")(X,p) =^ 7rp+,£(")(X), 

Now take X = Spec F, F a. finitely generated field over k. For dimensional reasons, 
we have <S^^ (p) = for p < n, and we therefore have an edge homomorphism 

e_„ : 7rg_„£;(")(X,n) ^ TrgE^^\X). 

Furthermore, Sp^\n) is the set of closed points w G \ dAp, so e_„ can be 
written as 

e-n : ®.e(Aj\aA^)(»)7r,-„i?'"(AJ) ^ ^,i?(")(i^); 

here F^"^ denotes the set of codimension a points on a scheme Y. 

Via the weak equivalence £;(")(F) ^ fnE{F), we have the canonical map 

e-n : ®we{A^\aA^)M'^q-nE'^ (Ap) ■KqfnE{F). 

Similarly, composing with fnE — >■ SnE, we have the canonical map 

€-n ■ ®weiA^\dA^)M'^q-nE'^{A'^) TTqSnE{F). 

Proposition 3.2. Let E e Sptgi(fc) be quasi-fibrant. Suppose lIa,*E{F) = for 
all a <0 and for all finitely generated field extensions F of k. Then for n>0: 

1. lIa,*fnE and Ila,*SnE are zero for all a < 0. In particular, fnE and SnE 
are —1- connected. 

2. For each finitely generated field F over k, the edge homomorphisms 

€-n ■ ®«,e(A5,\aA«)(")7r-n-E"'(A^) TTo{fnE){F) 

e-n ■■ e^e(A^\aA^)(")7r-„^"'(A^) ^ Tro{snE){F) 

are surjections. 

Proof. Using the distinguished triangle 

fn+lE — >■ fnE -> SnE — >• Tigfn+lE 

we see that it suffices to prove the statements for fnE. 
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Using the isomorphism (|2.2|) . we see that for (1), it suffices to show that fnE is 
— 1-connected. By a theorem of Morel [H] lemma 3.3.6], it suffices to show that 
fnE{F) is — 1-connected for all finitely generated field extensions F of k. 

We first show that, for each p > n, 



a 



= for q<-p 
b. The natural map 

is surjective. 



For (a), let W C be a closed subset. We have the Gersten spectral sequence 

^i'" = ©„eM/n(A-)«.)'^-a-bi?'"(SpecOA^^,^) =^ 7r_,_bi?^(A?,). 

Since E is quasi-fibrant, and is smooth over fc, we have an isomorphism (via 
Morel- Voevodsky purity jl2j Theorem 3.2.23]) 

7r„(£;™(SpecOA-,«,)) = T^m{E{w+ A S'"'^), 
where a = codim_^p But 

TT^{E{W+ A 5^'^''^)) = {Tl„,+2a^aE){F{w)) 

which is zero for m + a < 0. Since < a < p, we see that, for m < —p, 

^™i?^(AP)=0. 

As (F, p) is a cohmit over E^ {l^^p) with W G 5^"^ (p), it follows that 7r„i;(") {F, p) = 
for m < —p, proving (a). 

The same computation shows that 7r_p(i<^"'(Spec CaJ.,?!))) = if codim^p w < p, 
so (b) follows from the Gersten spectral sequence. 

Using the strongly convergent spectral sequence p.ip . we see that (a) implies 
that 7rg£;(") (F) = for g < 0. 

Next, we show that 

c. TT^pE^'''\F,p) = for p > n. 

For this, it suffices by (b) to show that for w G W^n (A5,)(p) with W e S'f\p) and 
with p > n, the map 

(3.2) TT^pE^iAPp) ^ TT^pE^^\F,p) 

is the zero map. To see this, note that W docs not intersect any face T of A^ 
having dimi?T < n. Thus, there is a linear W' = A^, " C A^ containing w (for 

F' some extension field of F contained in F{w)) with W' G sl^\p): for a suitable 
degeneracy map a : A^ — > A" one takes W = a~^{a{w)). By lemma IXTl the 
map £^™(A^) E^ (A^) is the zero map in STL; passing to the limit over all 
W" G S^\p), we see that (13.21) is the zero map, as claimed. 

In the spectral sequence p.ip . we have Ep _p — hi p > n; we also have 

Ep _p = for p < n since iS]^' (p) = if p < n for dimensional reasons. Thus, 
the only term contributing to ttqE'^^^F) is E\_j^. As the spectral sequence is 
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strongly convergent, the edge homomorphism in the spectral sequence (j3.ip induces 
a surjection 

Combining this with theorem 12.31 gives us the surjection 

Similarly, the vanishing Tr^i?^"' {F) = for p < shows that /„_E(F) is -1 connected. 

□ 

We thus have generators ©u,g(Aj,\aA5,)(")^-n-^"'(^?') for TTofnE{F), and hence 
for our main object of study, F^^^^ttqE{F). We examine the composition 

(3.3) 7r_„£;"'(A^) ^ TTofnE{F) ^ ttoE{F) 
more closely. 

Fix a closed point w in \ 9A^. We have the quotient map 
c„ : A?,/5A^^ A?,/(A?,\u;) 
and the canonical identification 

Thus, given an element t e 7r_„(£''"(A^)), we have the corresponding morphism 

T : I]f'A^/(A'> S^-B 

and we may compose with to give the map 

T o ^fc^ : S^A^/9A^ ^ E^i;. 

As each of the faces of A^ are affine spaces over F, we have a canonical isomor- 
phism 

CTF : S" SpecF+ ^ A^/dA}. 
in TL,{k) (see the beginning of SjUfor details), giving us the element 
7r(r) := r o I]-(c,„ o aj.) G 7r„(E^£;(^^)) = TroiE{F)). 
The following result is a direct consequence of the definitions: 
Lemma 3.3. For r e ^^„(£;«'(A^)), 7r(T) = p„(e_„(r)). 

On the other hand, we have the Morel- Voevodsky purity isomorphism (/oc. cit.) 

(3.4) MVu, : A?,/(A^ \ u;) «;+ A 

The definition of MVw requires some additional choices; we complete our definition 
of MVw in Sj5l where it is written as MVw = (id^,^ A a) o mv^ (see definition 14.31 
and 

In any case, via MVw, we may factor 7r(T) as 
tt{t) -.^ t o Sf'(c„ o ap) 

= (r o E^A^K;') o ^TiMVy, o o ap) 
The term r o J^f^MV~^ is the morphism 

r o ^fMV-^ : A 5^"^" E^i; 
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which we may mtcrprct as an element of 7r_„(ri5'i?(w)), while the morphism Tlf {MVwO 
Cw ° Of) is the infinite suspension of the map 

(3.5) Qf{w) := MV„ o c.„ o crj. : SpccF+ w+ A S-^"'". 

Conversely, given any element ^ e 7r_„(il^£^(u')), which we write as a morphism 

we recover an element r e 7r_„(i?"'(A^)) as r := S^oTif MVw, and thus the element 
^ o E^^fH G 7r„(I];'i?(f^)) = TToEiF) 

Putting this all together, we have 

Proposition 3.4. Let F be a finitely generated field extension of k and let E G 
Sptgi(fc) be quasi- fibrant. 

1. Let w be a closed point of \ 9A^, and take G 7r_„(r2^i?(i(;)). Then 
o T.fQF{w) IS m F^^t^TroE{F). 

2. Suppose that Ila,*E = for all a < 0. Then Fj'^^^-kqE{F) is generated by 
elements of the form o Yi'^Qp{w), G 7r_„(57^ii'(w)), as w runs over closed 
points of A'j.XdA'j,. 

Remark 3.5. The proposition extends without change to arbitrary field extensions 
of fc, by a simple limit argument. 

The next few sections will be devoted to giving explicit formulas for the map 
Qpiw). In case w is an F-point of A" \ 9A", we are able to do so directly; in 
general, we will need to pass to an n-fold P^-suspension before we can give an 
explicit formula. We will then conclude with the proof of our main result in Sj9l 

4. The Pontryagin-Thom collapse map 

We recall a special case of Pontryagin-Thom construction in H,(fc). 
Let Vn be the open subscheme A" \ 9 A" of A"; we use barycentric coordinates 
wq, . . . , u„ on Vn, giving us the identification 

Vn = Specfc[Mo, . . . (Uo • . . . • Uny^]/ ^ - 1- 

i 

We let H C P" be the hyperplane ^» = and let 1 (1 : 1 : . . . : 1) e P"(fc). 

Definition 4.1. Let F be finitely generated field extension of k and let u; be a 
closed point of VnF- The Pontryagin-Thom collapse map associated to w: 

PTf{w) : S'; Spec^^+ ^ (P^(„)/i/^(^), 1). 
is the composition in H,{k) 

E:SpecF+ ^ A^/aA^ ^ A?,/(A^ \ {w}) ^ {F^^^^/Hp^^^,!) 
for specific choices of the isomorphisms in this composition, to be filled in below. 
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The map ctf is the standard one given by the contractibihty of A" and ah its 
faces, which gives an isomorphism in of A"/9A" with the constant presheaf 

on the simphcial space A„/9A„: 

A„([m]) HomA(M, [n]) 

and dAn{[m]) C A„([m]) the set of non-surjective maps f : [m] ^ [n]. The 
isomorphism E"^^ ^ A„/dA n in 'H» thus gives the isomorphism 

a : A"/aA" 

in "H, (fc) and thereby gives rise to the isomorphism in H, (k) 

(4.1) ap ■■ Spec F+ = Spec F+ A Spec F+ A A"/aA" = A^/dA^. 

The map is the quotient map. The isomorphism 

mv^ : Al/Al \ {w} ^ (P^(^)/if;^(^), 1) 

is the Morel- Vocvodsky purity isomorphism. This map depends in general on the 
choice of an isomorphism ip^ : rayjjm^ F{w)"', where rriw C Oaj,w is the 
maximal ideal; in addition, we need to make explicit the role of the chosen base- 
point 1. For this, we go through the construction of the purity isomorphism, giving 
the explicit choices which lead to a well-defined choice of isomorphism mVw 

We give x A-*^ x A" coordinates ?io, • ■ • , Wji, x.to, . . . .tn, with the ui the bary cen- 
tric coordinates on V"„, x the standard coordinate on A^ and the the barycentric 
coordinates on A". Let 

(Xa.Xi,...,Xn) := [X, ). 

7/0 Wo 

The construction of mvui uses the blow-up of A^ x A^ along x w 
A/^ : Blox^A^ X A^ ^ A^ X A^. 

Let E^i C BlpxiijA^ X A^ be the exceptional divisor. Then is an F(ii;)-scheme. 

Suppose first that w is separable over F. The closed point x w of A""^ x A^ 
has the canonical lifting to the closed point x w of A^ x A^^.^^; let moxto C 
xA",oxw and tUq^^ C OaixA", .,oxw denote the respective maximal ideals. 
As w is separable over F, the projection p : x Ap^^^ — )■ A^ x A^ induces an 
isomorphism of graded F{0 x w)-algebras 

P* '■ ®m>0™0xu)/"^0xU ~^ ®m>0"^Oxuj/™0><^^- 

The functions {Xq, Xi{w), . . . , Xn{w)) give generators for the maximal ideal 

Ew = Pl'OjF(ox«,) ffim>0 '7loxto/™0xtu — Pl"O.iF(0xtu) ®m>0 ™0xu./™0xtu"^ 

the image {xo,xi{w), . . . ,Xn{w)) of {Xo,Xi{w),. . . ,Xn{w)) in m'Q^^/ml^^ give 
homogeneous coordinates for Eyj, defining an isomorphism 

1w ■■= {xo:xi{w):...:Xn{w)) : Eyj ^Pf(^). 

Let H{w) C Eyj be the pull-back of Hp(^^) via q^, and let 1^ = q~^{l). 

The proper transform /i~^[A^ x w] C BloxujA^ x A^ maps isomorphically to 
A^ X li; via jjbw, and intersects E^ in a closed point w lying over Q x w. 

Lemma 4.2. 1. For all w € VnF, we have 1^ ^ w and w ^ H{w). 
2. qUw) = (1:0:. ..:0) 
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Proof. Clearly (2) implies (1). For (2), qwiw) is the image of 1 x w under 

(Xo:XiH:...:^„H) :Ai X A^(^)\{Oxi«}^P';(„), 
whichis (1:0:...:0). □ 
Additionally, the quotient map 

■■ (Pfm/^fw, 1) ^ F^(^)/(P';(^) \ {(1 : : . . . : 0)}) 
is an isomorphism in ■H,(fc), since projection from (1 : : . . . : 0) realizes IPp(^) \ {(1 • 
: . . . : 0)} as an A^-bundle over Pp^^) with section Hpf^^y 
This gives us the sequence of isomorphisms in T-L^ik): 

E^/{E^ \ {w}) ^ P^?.(„)/(P?.(^) \ {(1 : : . . .:0)}) ^ (P^(„)/i?^(^), 1). 

In case w is not separable over we choose any set of parameters Xi{'w), . . ., 
Xn{'w) for such that, taking = x, the isomorphism — > P'j;, defined by the 
sequence xo,xi{w), . . . satisfies the condition of lemma 14. 21 (F is infinite, so 

(1) is satisfied for a general choice; the condition (2) is satisfied for all choices). We 
then proceed as above. 

Morel- Voevodsky show that the inclusions i^j ■ BloxiiiA^ x and ii : 

Ap = 1 X ^ X A^ induce isomorphisms 

: E^/{E^ \ {w}) ^ Blox.oAi x A'^/(B1ox^A1 x A^ \Ai^i[Ai x w]) 

ti : A?,/(A^ \ {w}) ^ Blox.^Ai x A?,/(B1ox.^A1 x A'^ \ fi-^[A^ x w]) 

in n.ik) (see the proof of [H Theorem 3.2.23]). 

Definition 4.3. The purity isomorphism 

mv^ : A^p/{A- \ {w}) ^ {F^^^^/Hp^^-,,!). 

is defined as the composition 

A^/(A^ \ {w}) Blox^oAi x A^/(Blox^Ai x A?, \ fi-^[A^ x w]) 

E^/{E^ \ {w}) 

^ Pfm/Pfm\{(1:0:...:0)} 

^ (Pf(»)/^^if(»),1). 

In case w is an f -rational point of A^, we have another description of mv^. 
The map 

g-i o {Xa:Xi{w) : . . . :X„(w)) : A^ x AJ(^,) \ {0 x w} ^ E^, 
extends to a morphism 

Pw ■■ BIqx^A^ X A'^ ^> Eu, 
making BIqxujA^ x A^ an A^-bundle over i^u, with section i^,, and thus induces 
an isomorphism in 7^,(fc) 

: Blox^Ai X A^/(Blox^Ai x A^ \^^1[A1 x w]) ^ E^/{E^ \ {w}) 

inverse to iw Thus 
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Lemma 4.4. Suppose w is in A^{F). Then 

= r^^ o o p.^ o i^. 
We can further simplify the above description of muu, by noting: 
Lemma 4.5. Suppose w is in A^{F). Let 

(4.2) cp^ : A^/(A^ \ {w}) ^ P?,/P?, \ {(1 : : . . . : 0)} 
be the map induced by 

(l:XiH:...:X„H) : A^^P^. 

Then ip^^ = Qw ° Pw ° hence mv^ = r^^ o (y5„, . 

Proof. The identity mw„, = ^"^^ o "y^to fohows directly from our description above of 
the maps and Pw and lemma 14.41 □ 

Altogether, this gives us the formula, for w G A"(F), 

(4.3) PTf{w) ^ o ify, o o ap- 

5. (P"/iJ, 1) AND E^G^" 
Our main task in this section is to construct an explicit isomorphism 

a : {P"/H, 1) ^ E^Cr . 

We first recall some elementary constructions involving homotopy colimits over 
subcategories of the n-cube. Let C be a small category and let 7^ : C ^ Spc(fc) be 
a functor. Let TV : A°p — Sets be the nerve of C. For 

(7 ^ {so ^ Si . . . ^ Sn) <^ Afn{C) 

define J-{(j) :~ .7^(so)- Bousfield-Kan [2] define hocolim T to be the simplicial object 
of Spc(fc) with n-simplices 

hocolim := n^g_^_^(c) J"(cr); 

for g : [n] ^ [m] in A, 

hocolim J^(a) : hocolim J-m — hocolim 

is the map sending {J'{so),a — {sq, . . . ,Sm)) to (J"(sq),ct' = (sg, . . . , s'J), with 
a' = N{g){(7), Sq ~ Sg(o) and the map F{sq) — >■ .7-"(so) is F{sa — ^ 5g(o))- hocolim 
is the geometric realization of hocolim 

For a functor F : C ^ Spc,(fc) we use essentially the same definition of 
hocolim J- as a simplicial object of Spc,(fc), replacing disjoint union n with pointed 
union V, and we use the pointed version of geometric realization to define hocolim J-" 
in Spc,(fc). Concretely, hocolim 7^ is the co-equalizer of 

Vg.[,.]^[„,] hocolim JW, A A" \ V„, hocolim J",, A A!J: 

The essential property of hocolim we will need is the following: 

Proposition 5.1 ( 2 ). Let C be a finite category, J^,Q : C ^ Spc,(fc) functors, 
and {} : J- ^ Q a natural transformation. Suppose that i?(c) : T{c) — > C/(c) is an 
isomorphism in 'H,{k) for each c G C. Then 

hocolim 1? : hocolim — hocolim 

is an isomorphism in 'H»{k). The analogous result holds after replacing Spc,(fc) 
and'H»{k) with Spc{k) andTL{k). 
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This is of course just a special case of the general result valid for functors from 
a small (not just finite) category to a proper simplicial model category. See for 
example [3] for details. 

Remark 5.2. Let F : C ^ Spc(fc) be a functor. Suppose our index category C is a 
product Ci X C2. We may form the bi-simplicial object hocolim F of Spc(fc), with 
(n, m)-simplices 

hocolim ^ j;, m ^{ax,a2)eN(Ci)„yM(c^)r„^{'^i^'^-2) 

where J-{<Ji, <J2) — J'{so x s'o) if c = (sq —>..•) and a' = (sq ^ • • the morphisms 
are defined similarly. 

As A/'(Ci X C2) is the diagonal simplicial set associated to the bi-simplicial set 
Af{Ci) X 7V(C2), it follows that hocolim is the diagonal simplicial object of Spc(/c) 
associated to the bi-simplicial object hocolim ^ J^, and thus we have the natural 
isomorphism of geometric realizations 

hocolim ~ [ hocolim J^l = | hocolim^ 

in Spc(A;). Similar remarks hold in the pointed case. 

Let 0"+^ be the poset of subsets of [n], ordered under inclusion. For J C J' C 
{0, . . . , n}, we let D"~^l^j, be the full subcategory of subsets / with J C I <Z J', 
'-'j<i<j' f^^^ subcategory of subsets / with J C. I c J', etc. We sometimes 
omit J if J = or J' if J' = [n]. 

If I J| — r+l, we let i'j : {0, . . . , r} — > J be the unique order-preserving bijection, 
and let ij : □'"+^ ^"^j be the resulting isomorphism of categories. Clearly ij 
induces the isomorphism of subcategories ij : '^*</- 

We will be using the following elementary constructions. Let : D^^^^] ^ 
Spc,(fc) be a functor and take n > r. Identifying D'^^J^j with 0"^^^,.] via the 
inclusion [r] C [n] , extend to a functor 

a"-'-^:n';+i„j^Spc.(fc) 

by setting a^~'^F{J) = * if J is not a proper subset of [r\. 

Similarly, let Q : D^^J^j x Spc,(fc) be a functor and take n > r. Identifying 

'-'*<H ^ with a full subcategory of n^^^J^j x □"^''+'' via the inclusion [s] C 
[n — r + s] , extend Q to a functor 

by setting c"-'~e(J, /) = * if / (Z^ [s]. 

Example 5.3. Let X be in Spc,(/c). Noting that D^^jq] is the one-point category, 
we write X for the functor ni^jo] Spc,(A:) with value X. This gives us the 
functors 

c'^X : 0"+^ ^ Spc.(fc), 
a-A" ^Spc.(fc). 

Exphcitly, c"A:'(0) = (7"X{iJi) = A" and both functors have value * at J ^ 0. 
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Lemma 5.4. There are natural isomorphisms 

: hocolimc"-'^^; ^ hocolima A ([0, 1], 1)^""'^ 
Her : hocolim cr"^'" J" E"^'' hocolim J". 

in Spc,(fc) 

Proof. We proceed by induction on n — r; it suffices to handle the case r — n — 1. 
We first take care of the isomorphism He. 

Via remark [5.21 it suffices to give an isomorphism 

[ hocolim ^c^gl = hocolim^ A ([0, 1], 1), 

where we use the product decomposition Q^^J^j x □*+-'^ = (D^^l^j x x D^. Fix 

an m simplex a of A/'(n^^j!^j x and let 

cg„ : Spc,(fc) 

be the functor c^^(0) = ^(cr) A A!p, ce^([0]) = *. Then 

hocolimce^ = g{(j) A A!;" A ([0, 1], 1) 

with the isomorphism natural in a. The result follows directly from this. 

Next, given F : Spc,(fc), let c' T : — >■ Spc,(fc) be the extension 

of F to □"■ defined by setting c'F{[n — 1]) = *. We claim there is a natural 
isomorphism 

hocolimc'J-" = hocolim A ([0, 1], 1) 

in Spc,(fc). 

Indeed, we have the bijection (for m > 0) 

A/-(n"),„ = AA(n:<[„_,])„, nA/-(n:<[„_,]),„_i 

with the first component coming from the inclusion of □"^j^^ j^j in □", and the 
second arising by sending a — {sq ^ . . . ^ s,„_i) to (so ■ • • S/n-i [n — 1]). 
For m = 0, the same construction gives 

AA(n")o=A/-(n:<[„_i])oU{[ri-i]}. 

As, for a simplicial set C, the m-simplices of C x [0, 1]/C x 1 have exactly the same 
description, our claim follows easily. 

Finally, we can write the category as a (strict) pushout 

□"+1 =n"nnn xDi. 

This leads to an isomorphism of hocolimcr^J-" as a pushout 
hocolimcr^J^ = hocolimc'j^ Vhocoiimj^ hocolimcj^ 

^ hocolim J" A ( [0 , 1] , 1 ) VhocoUm .fao+ hocohm J" A ( [0 , 1] , 1 ) 
= Yi\ hocolim T. 

□ 

As in section m let H C P" be the hyperplane Y^^=i -^i — -^o and let 1 := (1 : 
1 : . . . : 1) e P"(fc). We define an isomorphism a : {F'/H, 1) ^ S^Gf„" in n,{k) as 
follows: 

Let Ui C P" be the standard affine open subset Xi ^ 0. We identify Ui with A" 
in the usual way via coordinates {Xo/Xi^ . . . Xi/ Xi, . . . , Xn/ Xi), which we write 
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as x\, . . . , x\, or simply xi, . . . , Xn- For each index set / C {0, . . . , n}, we have the 
intersection 

Ui := Hie/f/i. 

For I = {ii < . . . < ir}, we use coordinates in t/i^ to identify 

Ui ^ Spec fc[.xi, . . . , x„, x-\ x-^] A"-l^l+i X Gl^l-i. 

The open cover U := {Uq, . . . , f7„} of P" identifies P" (in n{k)) with the homo- 
topy colimit over 

^*<[n] of the functor 

: °:<[„] -> Spc(fc) 
T'/JIJ) :=t/^c. 

We thus have the functor 

^^,1 : □::[„] Spc.(fc) 

^^,i(-^) ■■= (^^^'1) 
and the isomorphism in Ht^k), hocoHmP^ ^ = (P", 1). 

Next, we note that the hyperplane iJ C P" is covered by the affine open subsets 
Ui,...,Un. The open cover Ui := {HnUi, . . . , HnUn} oi H identifies H (in n{k)) 
with the homotopy colimit over 

0"<N of tlie functor 
nu, ■n:+' ^ Spc(fc) 



Let 



*<[n] 

H n [/j= for e J 

for ^ J. 



■Pu,i/nur : ^ Spc.(fc) 

be the functor defined by 

"{Ujc/HnUjc,!) forOeJ 
(f/jc,l) forO^J. 

By our discussion, the maps V;} i/HuiiJ) (P"/if, 1) induced by the inclusions 
Ujc ^ P" give rise to an isomorphism in H,(fc) 

ei : hocoWmVS, I /nu, ^ (P"/if,l). 

To simpliiy the notation, we denote i/'Hui by T for the next few paragraphs. 

We claim that, for each J 7^ with ^ J, we have {Uj/{H n Uj), 1) ^ * in 
H,{k). Indeed, suppose for example that n € J, and use coordinates (a;", . . . , a;") = 
{Xo/Xn, ■ ■ ■ ,Xn-i/Xn) on Uj. We have the projection 

p:Uj ^Ujr\{Xo= 0) 

p{x^ , • • • , x^) = (0, X2 , . . . , x„). 

Since ^ J, a;" is not inverted on J7j, and thus p makes Uj an A^-bundle over 
f/j n {Xq = Q). p has the section 

n 

s(0, , • • • , x^) := (1 + x", , • • • , x^), 

i=2 
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identifying Uj Cl {Xq — 0) with H nUj; this together with homotopy invariance in 
Ht{k) proves our claim. Thus J^{J) = * in Hm{k) for aU J with G J. In addition 
J-{{1, 2, . . . , n}) ~ {Uq, *) = (A", *), which is also isomorphic to * in T-L,{k). 

Let in : □"^r n ^ ^"'tl i inclusion functor induced by the inclusion \n — 1\ ^ 
[n] sending i £ [n — 1] to i + 1, and let to : n"^[^„] '-'"<[«] ^® automorphism 
induced by the cyclic permutation uj of [n], 



uj{i) : 

Let 




for < i < n 
for i ~ n. 



J-|o :□:<[„_!] ^Spc.(fc) 

be the functor o jg. We have the evident quotient map q : J- o uj ^ ct^ J-'|q, which 
by our discussion above is a term- wise isomorphism in 'H,(fc). By lemma r5.4[ q 
induces the isomorphisms in 'H,{k) 

(5.1) hocolim hocolimcr^ J^|o hocolim J^|o. 

We now turn to the functor J-\q. This is just the punctured n-cube corresponding 
to the open cover W :— {Uq fl J7i, . . . , [/q fl Un} of f/o \ (1 : : . . . : 0) (with base-point 
1), i.e. (A" \ 0, 1). We thus have the isomorphism in H,(fc) 

hocolimJ-io = (L/q \ (1:0:...:0),1) = (A" \0,1)- 

Let C C f/o \ (1 : : . . . : 0) be the union of the afhne hyperplanes = I, i = I, . . . ,n. 
As the inclusion 1 — > C is an isomorphism in 'H{k), we have the isomorphism in 
H.(fc) 

(C/o\(l:0:...:0),l)^^[/o\(l:0:...:0)/C. 
Letting J^|o be the quotient of J-\q given by 

we thus have the isomorphisms in ?^,(fc) 

hocolim J'lo = hocohm.F|o = t/o \ (1 :0 : . . . :0)/C. 

On the other hand, for each J C {1, . . . , n}, the inclusion Cn [/q H Cj — >■ [/q H Uj 
is an isomorphism in H(fc), and thus ^|o(>^) — * for all J ^ 0. Since ^|o(0) — G^" 
we have the quotient map J"|o — > cr"^^G^"; our discussion together with lemma EH 
thus gives us the isomorphism in H,(fc) 

hocolim J'lo = hocolim J"|o = E"~-^(G^". 

Together with (|5.ip . this gives us the sequence of isomorphisms in 'H,{k) 

(rVff,l) = hocolim T'^^ i/Hwi - hocolim J-|o = Sr<G™". 

We denote the composition by 

(5.2) a : (P"/i/, 1) ^ E^G^ • 

Now that we have defined a, we can complete our definition of the purity iso- 
morphism p.4p : 

(5.3) MVw '■= (idtu^ A a) o mvy 
(see definition 14.31 for the definition of mvw)- 
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Remark 5.5. Take n > 1. Let Hoc C P" be the hyperplane Xq ~ and for let 
Ci C Ui be the union of the hyperplanes xj — 1, i = I, . . . ,n. Let Q!^^ : — > 
Spc,(fc) be the functor 



GniJ) 



^n/p An 



Uj^/H^ n Uj. for 1 e J 

Uj./[{H^[JC^)r\Uj.] for 10 J. 

We note that the inchision (0 : 1 : : . . . : 0) — )> Hoo H Ci is an A^-weak equivalence; 
using this it is easy to modify the arguments used in this section to show that the 
identity map ^?°°(0) — >■ G^" extends to a map of functors — > (t"G^", which is 
a termwise isomorphism in 'Ht(k), giving us the isomorphism 

hocohm^r = K 

in T-Ltik). Furthermore, we have the sequence of isomorphisms in T-L^ik): 

P"/i/oo ^ P'VI^oo UcinH^nc/i Ci] ^ hocolimg^. 
Putting these together gives us the isomorphism 
(5.4) aoo : V^/H^ ^ S'/G^" 

in H.(fc). 

For n = 1, we note that 7? = 1, so (PV^^, 1) = {^^,H). To define ckoo, we just 
compose a : {^'^/H,l) S^G™ with the isomorphism r : (P\77oo) ^ (IP'\^^) 
given by 

t(Xo:Xi) = (Xi-Xo:Xi). 
We will use these models for I]"G^" to construct transfer maps in ^ 

6. The suspension of a symbol 
Let p -.Vn GJ^ be the map 

P(mo, •■•,-"„) ( ). 

tin m 

Composing with the quotient map GJJj G^" gives us the map p : Vn+ ^^m"- 
Our next main task is to give an explicit algebro-geometric description of 
More generally, for / : T — )■ y„ a morphism in Sm//c, we will give a description of 
I]"(po/). We begin by giving a description of S"T+ as a certain homotopy colimit. 
For this, consider the scheme x A", with coordinates x,to, . . . ,tn: 

A^ X A" = Spec k[x, to,..., t„]/^ti - 1. 

i 

For i = l,...,n, let C A^ x A" be the subscheme defined by ti = 0, and 
let [/q C A^ X A" be the subscheme defined by a; = 1. For I C {0,...,n}, let 
Uj '.= ^ieiU'i, the intersection taking place in A^ x A". This gives us the punctured 
n + 1-cube 

■■ □:<[„] ^ spc(fc) 

withgJ(J) ■.= TxU'j.. 

As above, use barycentric coordinates mq, . . . , u„ for Vn. We pull these back to 
T via /, and write Ui for f*{ui), letting the context make the meaning clear. Set 

(Xo, Xi, . . . , Xn) := {x, — . . . , — -) 

Uo Uo 
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and set 

{Xo/X,,...,]U/Xi,...,XnlXi)- i = 0,...,n. 
Inside T x x A", we have the "hypcrplane" H{T) defined by 

n 
i=l 

Fix an index I = (io, . . . , v) with Q < iq < . . . < < n, and write the comple- 
ment of / in {0, ... , n} as I'^ = {ji,. ■ . ,jn-r) with ji < . . . < jn-r- We have the 
isomorphism 

ifij := id X {xy^ _ J -.TxUj^Tx A""". 
In addition, let Hj C A""*" be the hyperplane defined by 

n—r n—r 

^ a;^ = 1 if io = 0, '^xe = xi if io > 0. 

Then (fij restricts to an isomorphism of H{T) DT xU'j with T x Hj, and thus the 
projection pi : H(T) nT xU'j and inclusion t : H{T) DT x U'j ^ T x U'j are 
isomorphisms in 'H(fc). 

For J C [n], J 7^ 0, define Gn'{J) to be the pushout in the diagram 

H{T) n T X U'j.^^^ gT(j) = T X U'j, 

I 

Pi I i(J) 

T-----^CU)- 

Since t is a cofibration and a weak equivalence in Spc(fc), so is sj. As pi is also a 
weak equivalence in Spc(A;), i{J) is a weak equivalence in Spc(fc) as well. 
We set 

C(0) ■.= Q^m=TxUl^^^T. 
This defines for us the functor 

that fits into a diagram (T the constant functor) 



T/ 



with i and s term- wise isomorphisms in 'H{k) and s a term- wise cofibration in 
Spc(A;). 

For n = 1, define 



(J) ■■ 

giving us the functor 



Trn.^ lSriJ)/<T) forJ^ 
ep(0)+ ^ T+ for J = 



: n^^j^j ^ Spc.(A;) 
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For n > 1, take 7^ J C [n] and let 11 j C P" be the dimension n — \ J\ linear 
subspace defined by {^j£j{Xj = 0). Let 11 j C P" be the dimension n — | J| + 1 
linear space spanned by 1 and 11 j and let Aj c IIj be the affine space 11 j \ 11 j. 
Since H'j is not contained in H, the intersection AjHH is a codimension one affine 
space Aj^H in Clearly Aj D Aj/ for J c J', so we have the functor 

A/ Ah : n:+l^ ^ Spc(fc) 

Jh-)- Ajc/Ajc^H- 
Lct *j be the base-point in Aj/Aj^h and let Sj-.T^Tx Aj/Aj,h be the 
morphism identifying T with T x*j. Let Ij be the image of 1 S Aj in the quotient 
Aj/Aj^H- We have the morphism s'j^^ : T ^ T x Aj/Aj^h identifying T with 
T X Ij. For J let Q^iJ) be the push-out in the diagram 

s jc y- s jc 

TJIT ^ T X Aj./Aj.,H 

I 

sjUp I 

C(^)u* ^eJ(J). 

where p : T ^ * is the canonical map; we give Qn{J) the base-point *. We set 
Qn{^) = with its canonical base-point. Using the functoriality of Q'^' and A/ Ah 
defines the functor 

(6.1) gJ:n:+^„,^Spc.(fc). 
Lemma 6.1. For each J ^ 0, ^J(J) = * in H.ik). 

Proof. Take J C [n], J 7^ 0. For n = 1, s : T ^ OT'i^) 8' cofibration and weak 
equivalence in Spc(fc), and thus the quotient Qf'(J)/T is contractible. 

For n > 1, the morphisms sj : T ^ Gn i^)^ s'j : T ^ T x Aj/Aj^h and 
Sj^ : T ^ T X Aj/Aj^H are cofibrations and weak equivalences in Spc(A;); since 
I7 ^ the map 

s'j X s'j-i^ :TUT X Aj/Aj,h 

is a cofibration. 

Let Qn"{J) be the push-out in the diagram 

T ) TxAjc/Ajc^H 
I 

QV{J) ^CV). 

Then i is a cofibration and a weak equivalence, hence the same is true for the 
composition 

T^Tx Aj/Aj^H 4 gnJ)- 
As g^{J) = g^"{J)/T, it follows that g^{J) is contractible. □ 

Letting T : □i<[o] ^ Spc,(fc) be the functor r(0) = T+, we have the evident 
quotient map g^ — ?■ C7"T, i.e., we send t/„(0) = to a'^T{%) = T+ by the identity 
map, and the other maps are the canonical ones gn{I) *• 
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By lemma 15.41 and lemma 16.11 this map induces an isomorphism 

(6.2) : hocolimgj E^r+ 
in n.ik). 

Remark 6.2. The functors , Q^' and are all functors in T, where for example 
g : T' T gives the morphism Gn{f) '■ Gn ~^ Gn by the collection of maps 

/ X id : T' X Uja -^T X Uja. 
The map is natural in T, as is the map p'^ . 

Let A{Vn) CVnX A" be the graph of the inclusion Vn — >■ A"; by a slight abuse 
of notation, we write x A{Vn) C T4 x x A" for the image of x A{Vn) C 
X Vn x A" under the exchange of factors A^ x Vn x A" — > Vn x A^ x A" . 
Define the morphism : K x A^ x A" \ x A(K) P" by 

ip{uo, . . . ,Un,x,tQ, . . . ,tn) := {Xa:Xi : . . . :X„), 

where as above Xq — x, Xi — {ti — Ui)/uo, i — 1, . . . , n. 

Since Vn x [7^' n x A{Vn) — for each i = 0, . . . , n, the restriction of (p to 
U"^o^n X is thus a morphism, and therefore gives a well-defined morphism of 
functors □"<f^„] Spc(A;), : Q^" P", where P" is the constant functor. 

Given a morphism f : T Vn, we compose (fj with / x id, giving the morphism 
of functors (f^ : —5- P". Adjoining the projections T x Uj^ T gives us the 
morphism of functors (pi,'^^) : -> T x P". Passing to the quotients, (pi,<^^) 
induces the map of functors {pi,^p1') : Q'n T x {V^ /H). 

We extend (pi, (p^') to a map of functors H^^^^ ^ Spc.(fc) 

Pih^l -.Gl^T+h {r^/H, 1) 

by using the inclusions Ajc — > P", and sending the base-point in to the base- 
point in r+ A (P"/iJ, 1). This gives us the map in Spc,(/c) 

(6.3) $^ : hocolim ^ T+ A (P'Vi/, 1). 

Lemma 6.3. Let f : T ^ Vn be a morphism in Sm/k. Then the diagram 

S''(idT+Apo/) 



idAa 



hocolim ^ T+ A (P'Vff, 1) 

commutes in H,(fc). 

Proof. We work through our description of a and /3^, adding some intermediate 
steps. 

We introduce an additional functor 

{r-/nu,i) :n:+i„]^spc.(fc) 

{Uj./HnUjc,i) 

By Mayer- Vietoris, the canonical map hoco\im{'P" /Hu , 1) — > (P"/i?, 1) induced by 
the cover U is an isomorphism in The collection of quotient maps Uj^ — ^ 

Uj<^/H n J7jc or identity maps give the map 7 : T'^ i/^Wi — > {V^-fHu, 1). 
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We also have the functor cr"G^"'. Identifying ?7o...n with via the coordinates 
(a;", ■ • ■ , .T^j), the quotient map Uo...n = G"!,^ — > G^" extends canonicahy to the 
quotient map 6 : VJ} i/Hui ^ '''"G^". From our discussion on the isomorphism a, 
we have the commutative diagram of isomorphisms in 'H,{k) 
(6.4) 

(P"/i?,l) 



\ioco\im{V^ /Hu, 1) YiocoMrnVJ^^JHu, hocolima"G^^" 

Note that, for each J 0, [n], we have Aj C Uj, since for j e J, the intersection 
IIj n (Xj = 0) is equal to 11 j. Also, the map (pj : Qn{J) — >■ has image contained 
in Ujc. We define the map of functors 

■.gl^T+^{v^/Uu^) 

as follows: for J ^ 0, [n], we use the map 

(Pi, ^j') : Ql'{J) ^Tx Uj./iUj. n H) 
on g^'{J), and the map 

T X Ajc T X [/jc 

induced by the inclusion ij : Ajo ^ Ujo. One checks that these descend to a well 
defined map on the quotient 



we use 



For J 

{klT.^j') : T ^ T X Uo...n/H nUo.. 
This gives us the commutative diagram of functors 



-^T+A{r^/nu,i) 

idA7 



idA<5 



(7"r- 



idTA<7''(po/) 

which induces the commutative diagram (in 'H,(fc)) on the homotopy colimits 
hocolim^;^ T+ A hocolim(7'"/Hw, 1) 



EJ(idA^)o/) 



-^T+AS^G^ 



THE SLICE FILTRATION AND GROTHENDIECK-WITT GROUPS 



25 



Combining this with our diagram (|6.4p and noting that $^ = (id A e) o yields 
the commutative diagram in 7{,(fc) 



hocohmgj -^-^ T+ A hocohm(7"VHw, 1) T+ A {F"/H, 1) 



idA(i9o6o7 

idAa 



completing the proof. □ 

7. Computing the collapse map 

We retain the notation from §[21 [5] and [H Our task in this section is to use 
lemma [6.31 to give an explicit computation of Qf{w) as the nth suspension of a 
map pw ■ Spec F+ — >■ w+ A G^", at least for w an i^-point of A" \ 9A". In general, 
we will need to take a further P^-suspension before desuspending, which we do in 
the next section. 

For F a finitely generated field extension of k and w a closed point of \ 9A^, 
we have the Pontryagin-Thom collapse map (definition 14. ip 

PTf{w) : SpecF+ ^ (P^(^)/i7f 1). 

We have as well the map (13. Sp 

Qf{w) : E'; SpecF+ w+ ^ S^G,^„" = w+ A S'^"-" 

It follows from the definition of MV^ (|5.3p . PTp{w) and tou^, (definition 14. 3p that 

(7.1) Qf(w) = (id^+ A a) oPTj. (to), 

where we identify (P^(^)/i7j?(^), 1) with w+ A(P"/iJ, 1) and where a : {P''/H, 1) ^ 
S^G^" is the isomorphism (j^ . 

Consider an F-point w : Spec P — ?> A" of A". Given elements zi, . . . , z„ of , 
we have the corresponding map 

[zi] Af . . . A_F [zn] ■■ SpecF+ SpecF+ A G^" 

given as the composition 

SpecF+ '"'^^"'"•••^"^ SpecF+ A (G^J,,, 1) SpecF+ A G^". 
We use the notation Af to denote the smash product for points F-schemes {X, x) , 

{X,x) Af {Y,y) := X xfY/{X XpyV x XfY), 
and note that [zi] Ap ■ ■ ■ Ap [zn] really is the AF-product of the maps [zi]. 

Proposition 7.1. Take w = {wq, . . . , u;„) e (A" \ aA")(F). Then 

Qf{w) = I]"[-wi/u;o] Af . • . Af [-w„/wo]- 



Proof. We have for each 14,-scheme T ^ Vn the functor (j6.ip : applying this con- 
struction for the morphism w : SpecF — Vn, gives us the functor 

g::a:+i^^spc,{k). 

We recall the subschemes [/', i — 0, . . . ,n and iJ of x A" from ^ 
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We note that Uq ^ 1 x A'\ H n Uyis the face to = 0, and that Uq n C// is the 
face ti = 0, for i = 1, . . . , n. Thus, coUapsing the i — 1, . . . ,n, H Ci Uq and aU 
the Aj to a point, and sending [/q to A" by the projection map gives a weh defined 
morphism in Spc,(/c), 

a : hocohnia,T ~^ Spec F+ A A" /a A", 

which is an isomorphism in Ti, (k) . In addition, we have the commutative diagram 
of isomorphisms in H,(fc) 

(7.2) hocohm Spec F+ A A"/9A" 




S^Speci^+, 

where is the isomorphism (j4.1l) and is the isomorphism 
Let 

f„ : SpecF+ A (P"/i?, 1) ^ P^/(P^ \ {(1 : : . . . : 0)}) 
be the composition of the isomorphism SpecF+ A {¥"/H, 1) = {Pp/Hp, 1) followed 
by the quotient map r„ : (P^/-ffi^, 1) ^ P^/(P^ \ {(1 : : . . . : 0)}). It follows 
directly from the definition of the map $™ ()6.3p and the map (fw (|4.2p that the 
diagram 



hocolim (y!; 



SpecF+ A A"/<9A'^ 



-^SpecF+ A(P'Vi7, 1) 



-4 A^/A^ \ P^/(P?, \ {(1 : : . . . : 0)}). 



commutes. Combining this with the diagram ()7.2p and our description (|4.3p of 
PTp{w) gives us the commutative diagram 



PTf(w) 

>Spec^+ A (P"/i?, 1) 




hocolim Q, 



But by lemma 

(S';[-i(;i/ii;o] Af . . . Af [-i«„/i«o]) o p"" = (idspecF+ A a) o 
since Z?"" is an isomorphism, this gives us 

'^'^[-wi/wo] Af ■■■ /\f [-Wn/wo] = (idspccF+ A a) o PTp{w). 
Our formula (|7.ip for Qf{w) completes the proof. 

8. Transfers and P^-suspension 

We now consider the general case of a closed point w G Vuf C A^. 
Consider the map 

j : A" -> P" 

j{to, . . . ,t„) := (1 : ^1, . . . : t„); 
j is an open immersion, identifying A" with Uo and Vn with J7o...n \ H C P". 



□ 



THE SLICE FILTRATION AND GROTHENDIECK-WITT GROUPS 



27 



We define the transfer map 

Trpiw) : 5*2"'" A Speci^+ ^ 5^"^" A SpecF(w)+ 
associated to a closed point w G A^, separable over F, as the composition 

^r^^^^/H^F^^) ^ 52"'"ASpeci^H+. 

The map j is induced from j, p is induced from the projection p : A^^^^ Ap, and 
w £ A^^^^ is the canonical lifting of w g A^ to A^^^^ = w Xp Ap. The map poj 
is an isomorphism by Nisnevich excision (which is where we use the separability of 
w over F). The map mv^ is the Morel- Voevodsky purity isomorphism, where we 
use the generators (ti — wi, . . . ,tn — Wn) for mu,, together with the isomorphism 

: V^^^^^/H^p^^) -> P?.(^)/(P';(^) \ (1:0:. ..:0)) 
induced by the identity on P^(^y The map aoo is the isomorphism (|5.4I) . 
Lemma 8.1. Suppose that w is in Vn{F). Then Trpiw) = id. 
Proof. Let wq — (1:0:. ..:0) G C/q C P"(fc), giving us the purity isomorphism 

: C/o/((7o\ii;o) ^P'V^oo 
defined via the choice of generators (xi, . . . , x„) for m^a- The morphism 

(x : xi : . . . : a;„) : X f/o \ X Wo ^- P" 
extends to an A^-bundle 

t: ■.^{x:xi:...:xn): Blox«,o x C/q ^ P" 

Furthermore, the restriction of tt to 1 x C/q extends to the identity map P" P". 
From this, it follows that morphism in 'H,{k), 

Trpiwo) : 5^"'" 5^"'" 

is the identity. On the other hand, let : P^ — !> P^ be the automorphism 
extending translation by w on Uq. Then T„ acts by the identity on Pp/HooF, as 
we can extend T^, to the A^ family of automorphisms 1 1— t- Ttw connecting T^, with 
id. Furthermore, TZy^{xi, . . . , Xn) = {xi — wi, . . . ,Xn — Wn). From this it follows 
that 

Trpiw) = Ttt, o Trp{wo) o T^^u = id. 

□ 

Proposition 8.2. Let w = (wq, . . . ,u)„) be a closed point of VnP, separable over 
F. Then the S'^^^'"' -suspension ofQp(w): 

ids2... A Qp{w) : 52"'" A SpecF+ A 5"'° ^^^'^ A w+ A 

is equal to the map S" {{\As2,i.ru A \—Wi/wq] /Xpi^^) ■ ■ ■ ^F{w) [—Wn/w^)]) o Trp{w)) . 
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Proof. Write *f for SpecF. We have the commutative diagram 



idAcT 



A u;+ A A" /a A" 



idAc„ 



Aid 



(aooO"iJ('„))Aid 



V(P"\jH) AA"/aA" 

idACu, 



^"/i/oo A A'^/(A^ \ w) P'7(P" \ j{w)) A A"/(A" \ w) 

idAmi). 

[P"/iJoc A W+ A (P"/i?, 1) idAm« 



c^f„,i Aid 



idAc„ 



(aooOi"J(„) )Aid 

S-^"'" A w+ A A"/(A" 



7(P" \ j(u')) A -0;+ A (P"/i7, 1) 




idAm^)^( 



5^"'" AW+ A (P"/i7, 1) 



2n,n . 



g2n,n /\ y; A 5-: 



2n,n, 



the commutativity follows either by definition of Trp{w), or by identities of the 
form (a A 1) o (1 A fe) — (1 A 6) o (a A 1), or (in the bottom pentagon) lemma [01 
The composition along the left-hand side is id5'2„.„ A [(idu,_|_ A a) o PTp{w)]; along 
the right-hand side we have ids^^.^ A [(idu,+ A a) o PTF(tu)(w)]. Since w is F{w)- 
rational, we may apply proposition lT.ll and our formula (|7.ip for Qf{w) to complete 
the proof. □ 



9. Conclusion 

We can now put all the pieces together. For E S Sptgi(fc) fibrant, we have the 
associated fibrant object ft^E :— TLomspt{k){S'^^'" , E), that is, ft^E is the presheaf 
{Q,lj.E){X) := E{X+ A S*^"'"). For each n > 1, we have the canonical map 

ifi '. E — )■ ^Ij^J^j^E. 

Replacing 5*2"'" with S*"^" = G,^^", we have the fibrant object 

rtl^E:^nomsptik){S''^",E), 

defined as the presheaf {n^^E){X) := E{X+ A G^"). 
Given a closed point w e VnP^ we define the map 

Trpiw)* : n^ini^Eiw)) ^ TT,n{^l^E{F)) 
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as the composition 

7r^{ni^E{w)) = Hom5„^,(fc)(Sr(5'"'" A«;+),S;™£;) 

iiomsn,,ik){^T{S'"'"ASpecF+),j:;"^E) 

Definition 9.1. Take E G ST-Ls^ik) and let n > 1 be an integer. An n-fold T- 
delooping of E is an an object u)^"'E of S'Hs'^{k) and an isomorphism in : E ^ 
nJ},co:^"E in SHs^ik). 

Given an n-fold T-dclooping oi E, in '■ E ^ flj.to^^'E, the map Trpiw)* for 
fi^w^^i? induces the "transfer map" 

i-i o Trpiw)* o 6„ : TTm{E{w)) ^ n^{E{F)), 

which we write simply as Trpiw)* . 

Remarks 9.2. 1. The transfer map Trpiw)* : TTm{E{wj) TTjn{E{Fj) may possi- 
bly depend on the choice of n-fold T-delooping, we do not have an example, however. 

2. An n — 6-fold T-delooping of E gives rise to an n-fold T-delooping of fl^^E. 
Thus, via the adjunction isomorphism 

we have a transfer map 

Trpiw)* : Ila,bE{w) ^ Ila,bE{F) 
for w a closed point of VnF, separable over F. 

3. If i!^ = fl^S for some £ e S'H{k), then E admits canonical n-fold T-deloopings, 

namely 

Indeed, in S'H{k), St is the inverse to fir and Q,'^ commutes with Or- 

For a morphism ip : — >• E, we have the suspension Jll^ip : — >■ 
'Ej.E, the composition 

El^if o ^fTrpiw)* : SJS^ SpecF+ ^ S^iJ 

and the adjoint morphism 

(s^v? ° s^TrFH*)' ■■ SpecF+ -> n'^j:'j.E. 

Suppose we have an n-fold de-looping of E, in : E ^ flj,LJ^"'E. This gives us 
the adjoint 

i'n '■ ^j-E — y UJjJ^E 

and 

Let Sn '■ E ^ nj,'Ej,E be the unit for the adjunction. 
Lemma 9.3. 1. in = ^T'''n ° 

2. i-' o ni^t'n o (S?;v? o S-Tr^H)' = TrF{wr{<p). 

Proof. The two assertions follow from the universal property of adjunction. □ 
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Before proving our main results, we show that the transfer maps respect the 



Postnikov filtration F^^^^iTmE . 

Lemma 9.4. Suppose E admits an n-fold T-delooping t„ : i? — )■ fl^uj^"'E. Then 
for each finitely generated field F over k and each closed point w G separable 
over F, we have 

Trp{wr{F!j.^,^n^E{w)) C 

Proof. Take q >0, and let Tq : f^E E he the canonical morphism. As above, let 
: Syi? — > uj^^E be the adjoint of t„ and let Sn E ^ fll^Y^^E be the unit of the 
adjunction. By lemma [973} we have the factorization of t„ as 

This gives us the commutative diagram 

f,E ■ 



^E 



Q,J^Y^J^fqE ■ 



where 



^x'-n ° ^t'^t'^q- Since l„ 



E — > Cl'!},uj^'^E is an isomorphism, the 
composition 

l^n°Tq : fqE — )■ il^^Wj^^i? 

satisfies the universal property of fqH^ijj^^E fl^r^oj^^'E. By [S', theorem 7.4.1], 
fi^S^/qi? is in Y,^S7is^{k), hence there is a canonical morphism 

6 : Vt'^Yi^fqE fqE 

extending our first diagram to the commutative diagram 



fgE- 



fl^Y}!^fqE ■ 



-^E 



Using the universal property of r^, we see that 6 o t^^ ^ ^^fqE^ i-e., 

n^^J^fqE = fqE (BR 

and the restriction of to R is the zero map. We define the transfer map 

TrpiwY : TT„JqE{w) ^ n^fqEiF) 

by using the transfer map for il^J^^fqE and this splitting. 

The second diagram thus gives rise to the commutative diagram 



T^mfqEiw) 



7rmf,E{F)—^Tr^E{F), 



which yields the result. 



□ 
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Remark 9.5. One can define transfer maps in a more general setting, ttiat is, for 
a closed point w e and any choice of parameters for m^, C Oa^,w- The same 
proof as used for lemma 19.41 shows that these more general transfer maps respect 
the filtration F^^^^irmE. 

Theorem 9.6. Let E G Spt(fc) he fibrant, and let F be a field extensions of k. 

1. For each w = (wq, . . . , Wn) £ Vn{F), and each p £ TToriJj E{F), the element 

p o ([-w'l/^o] Af...Af [-Wn/wo]) : Spec^^+ ^ E 
IS m FJ^^,^n^E{F). 

2. Suppose that E admits an n-fold T-delooping ;,„:£'—?• VLl^ujTjT^E . Then for 
w — (wq, . . . , Wn) a closed point of VnP, separable over F , and p^ £ ^rofig E(w) 

(9.1) TrpiwYlp^ o i;^([-wi/wo] A_F . . . A_F [-Wn/u'o])] 
ts mFr^^,^n^E(F). 

3. Suppose that E admits an n-fold T-delooping t„ : i? — > D,^uj^^''E. and that 
^a.*E — for all a < 0. Suppose further that F is perfect. Then F1^^^^'KqE{F) is 
generated by elements of the form (j9.ip , as w runs over closed point of VnP o,nd pw 
over elements o/TTofiJ^ E{w). 

Proof. (1) follows directly from proposition [331 and proposition l7.H noting that the 
isomorphism ^q^E ~ gives the identification 

Tr.„nJ^E{w) 9^ TTon^^Eiw) ^ Romsn,,(k)(^T^+ A K^^E). 

For (2), the fact that this element is in F^^^^tto{E{F)) follows from (1) and 
lemma 19.41 

For (3), that is, to see that these elements generate, take one of the generators 
7 ■— ° 5]^(5f(u') of F^^^^TToE{F), as given by proposition 13.41 that is, u; is a 
closed point of VnF and is in 7r_„(f2^i?(w)) — Tro{^Q^E{w)). Since F is perfect, 
w is separable over F. Take the n-fold T-suspension of 7 

S?;7 : E^(S?^SpecF+) ^ Y.^E, 

giving by adjunction and composition with r2^(t^) the morphism 

17?,(4) o (I]^7)' : Ef= SpecF+ -> n^uj-"E. 

It follows from the universal properties of adjunction that 

(EJ7)' = ,5„ o 7, 

hence by lemma 1^751 we have 

(9.2) nii^ii'J o (SJ7)' = 17?,(4) o 5„ o 7 = t„ o 7. 
Write 

E?,7 = (s^e™) o {j:fj:i^QF{w)). 

By proposition 18.21 we have 

^TQpiw) = iJ:'^[-Wi/wo] Af...Af [-w„/wq] o TrFiw)) , 

and thus 

E^7 = S?;(C^ o j:^[-wi/wo] Af...Af [~Wn/wo\) o l^^TrFH- 
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Using ()9.2p and lemma [931 we have 
.„o7 = f]^(4)o(S?7)' 

= f^?;(4) o o E^[-u;i/w;o] Af . . . Af [-u.„/u;o]) ° ^Trpiw)]' 

= i„ o rr_F(w)*(^^ o i;'/[-wi/wo] Af • ■ ■ A_F [-w„/wo]), 

or 

7 = Tr'F(w)*[p«, o I]f'([-u;i/wo] Af • • ■ Af [-w„/wo])]- 

□ 

We now assume that E = fl'^S for some fibrant T-spectrum £ G Spt2.(fc). Let 
Sfc denote the motivic sphere spectrmii in Sptrp(^k), that is, is a fibrant model of 
the suspension spectrum E!^S'^. We proceed to re- interpret theorem 19.61 in terms 
of the canonical action of TTofl'^Sk{F) on TroE{F), which we now recall, along with 
some of the fundamental computations of Morel relating the Grothendieck-Witt 
group with endomorphisms of the motivic sphere spectrum. 

We recall the Milnor-Witt sheaves of Morel, K_^'^ (see section 2] for de- 
tails). The graded sheaf K_^^ :— (Bnei.K.^f'^ has structure of a Nisnevich sheaf 
of associative graded rings. For a finitely generated field F over k, the graded 
ring K^^^{F) :— K_t^^ {F) has generators [u] in degree 1, for u € F^ , and an 
additional generator rj in degree —1, with relations 

• ri[u] = [u]r] 

• [u][l — u] =0 (Steinberg relation) 

• [uv] = [u] + [v] + rilullv] 

. 7y(2 + 7?[-l])-0. 

For later use, we note the following result: 

Lemma 9.7. Let F be a field, wi, . . . ,Un G F^ with Ui = 1. Then [ui]-. . .-[un] = 
m K^''^{F). 

Proof. We use a number of relations in i^*^^(F), proved in [SI lemma 2.5, 2.7]. 
For u e we let <u> denote the element 1 -1- ri[u] € K^^^(F). We have the 
following relations, for a,b ^ F^ , 

i) K^^{F) is central in K^^^{F) 

ii) [a] [1 - a] = for a ^ 1 

iii) [ab] = [a] + <a>[b] 

iv) [a~^] = -<a^^>[a] 

v) [a][-a] = 

vi) [1] = 0. 

These yield the additional relation 

vu) [a][-a-i] = 0. 
This follows by noting that 

[a][^a-']^[a]{-<-a-'>[-a]) (iv) 
= {-<-a-'>)[a][-a] (i) 
= (v) 

We prove the lemma by induction on n, the case n = 1 being the relation (vi), 
the case n = 2 the Steinberg relation (ii). Induction reduces to showing 

[u][v] = [u + v][—v/u] for u + V ^ 
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(in case u 



we use (v) to continue the induction). For this, we have 



u][v\ + <v>[u][-u~^] 
u][v\ + [u]<v>[-u^^] 
u\[—v/u\ 

u\[~v/u\ + <U>[1 + V /u][—v /u] 
u + u/u] 



(vii 

(i 
(hi 

(ii 
(iii 



□ 



For u G i^^, let <u> denote the quadratic form uy^ in the Grothendieck-Witt 
group GW(F). Sending [ujry to <u> — 1 extends to an isomorphism jSj lemma 2.10] 



79o : K^'^{F) -> GW(i^). 



In addition, for n > 1, the image of x??" : K^^^{F) ^"^^ 
ri"K^^{F) in K^'^{F) and i?o maps r]"K^'^{F) isomorphically onto the ideal 
I{F)'^, where I{F) C GW(i^) is the augmentation ideal of quadratic forms of virtual 
rank zero. 

For each u G we have the corresponding morphism 

[u] : Spec F+ G,„ 

We have as well the canonical projection 77' : \ {0} P^. Using a construction 
similar to the one we used to show that V'^/H = S^G^^, one constructs a canonical 
isomorphism in H,{k), (A^ \ {0}, 1) = EgG^j'^, and thus ?/ yields the morphism 

in H,{k). 

For E,F € Sptgi{k), let Hom fi?, F) denote the Nisnevich sheaf associated to 
the presheaf 

U ^Romsn,^{k)iU+AE,F). 
We have the fundamental theorem of Morel: 

Theorem 9.8 ([8j corollary 3.43]). Suppose charfc ^ 2. Let m,p,q > 0, n > 2 
be integers. Then sending [u] G Kf^^ (F) to the morphism [u] and sending rj G 
K^^-^{F) to the morphism 77 yields isomorphisms 



Hom„.(fc) (Spec F+ A 5" A G^^, 5" A G^«) = 



if m < n 

^ K^'LJ (F) if m ^ n and q > 0. 

As we will be relying on Morel's theorem, we assume for the rest of the paper 
that the characteristic of k is different from two. 
Passing to the S'^-stabilization, theorem 19.81 gives 

(9.3) no,pE-G:),^ - K^iJ for p > 0, g > 1, 
na,pE^G;^« = forp > 0,(7 > l,a < 0. 

Passing to the T-stable setting. Morel's theorem gives 

(9.4) TTp^pK^^k = ^^i^ for p,qeZ 
7ra+p,pE^^§fc = for p, g G Z, a < 0. 

Composition of morphisms gives us the (right) action of the bi-graded sheaf of 
rings 7r*_*§fc on 7r*,*f for each T-spectrum and thus, the action of on 
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7r*,*£. If we let E be the S'^-spectrum then WafiE — TTa+b.bS for all 5 > 0. 

Thus, via lemma [2^21 2) we thus have the right multiplication 

Ua^b-mE^K^^ ^Ua^bE. 

Let I C Kn^'^ be the sheaf of augmentation ideals. The if *^J^-module structure 
on IVa,*E gives us the filtration Fj^^^Iia.bE of lia.bE, defined by 

^n,,bi; im[n„,„i; ® ^^it ^ n,,,^;]; n > o. 

Lemma 9.9. Suppose E — fl^S for some £ G S'H{k). For integers n,b,p > 0, 
with n — p,b — p > 0, the adjunction isomorphism Ila.bE ~ Tla.b-p^c, ^ induces 
an isomorphism 

tta,b-C' = J'n-p tta,6-p"G„ • 

Proof. This follows easily from the fact that the adjunction isomorphism 

^a,*E — YLq^^^—p^Iq^E 

is a K^^^ -module isomorphism. □ 

Definition 9.10. Let E ~ il^£ for some £ S SH{k), F a field extension of k. 
Take integers a,b,n with n,b > 0. Following remark [^?^ 2). we have the transfer 
maps 

Trpiw) : Ua,bE{F{w)) ^ Ua^bE{F) 
for each closed point w G Vuf, separable over F. 

1. Let F^'^'''^-na,bE{F) denote the sub group of Ila^bE{F) generated by elements 
of the form 

Trpiwrix); x 6 F^''^Ua,bE{F{w)) 
as w runs over closed points of VnP, separable over F. 

2. Let [Ila,bE ■ I"] '^''{F) denote the subgroup of Ila,bE{F) generated by elements 
of the form 

TrpiwYix • y); xe Ua^bE{Fiw)),y e /(FH)", 
as w runs over closed points of VnP, separable over F. 

Remark 9.11. It follows directly from the definitions that, for w a closed point of 
VnF, X e K^'JiF), V e na,nE{F{w)), we have 

TrF{w)*{y ■p*x) = TrF{w)*{y) ■ x, 

where p*x S K^^^ {F{w)) is the extension of scalars of of x. In particular, [Ha ^E' ■ 
is a K^^^(F)-submodule of na,bE{F) containing Jia,bE{F)I{FY . 

Theorem 9.12. Let k be a perfect field of characteristic ^ 2. Let E — Vl'^£ for 
some £ G S'H{k) with Tia,b£ — for all a < 0, b > 0. Let n > p > be integers 
and let F be a perfect field extension of k. Then 

F^,,,Uo,j,E{F) = Ff ^~-no.pF(F). 

For p >n> 0, we have the identity of sheaves F^rj^^^Jlo^pE = IlopE. 
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Proof. First suppose n > p. By lemma 12.21 and lemma 19.91 we reduce to the case 
p = 0. 

The fact that we have an inclusion of i^Q^'^(i^)-submodules of Ilo,oE{F), 

follows from theorem 19.61 Indeed, as F is perfect, each element of the form ()9.ip 
is of the form TrF{w){pw ■ z), with e no„-E(it;), z e K^^'^ {F{w)), hence in 

To show the other inclusion, it sufhces by lemma 19.41 and theorem 19.61 to show 
that, for each field K finitely generated over fc, the elements [— ui/mq] • . . . • [— it„/Mo] , 
with (uo, • ■ ■ ,Wn) e Vn{.K), generate K^^^ [K) as a module over K^^^{K). 

We note that the map sending (mo,...,u„) to (l/uo, — mi/uq, . . . , — u„/uo) is 
an involution oi Vm so it suffices to show that the elements [ui] ■ . . . ■ [u„], with 
{uq, . . . , m„) e Vn{K), generate. 

Sending (uq, . . . , to (ui, . . . , u„) identifies Vn with (A-^ \ {0})" \ H. But by 
definition K^^^ (K) is generated by elements [ui] • . . . • [u„] with Ui ^ K^; it thus 
suffices to show that [ui] • . . . • [it„] = in K^^{K) if ^ ■ Ui = 1; this is lemma [gjl 

If p > n > 0, the universal property of fnE — > E gives us the isomorphism for 
U G Sm/fc 

Hom5„^,(fe)(Srs£_„C/+,i?) = llomsnsiik)i^T^l^U+,fnE), 

since S^S^ [/+ is in E^iS'Hgi(fc) for [/ e Sm/k. As these groups of morphisms 
define the presheaves whose respective sheaves are Ilo^pE{F) and IIo.p/n-E, the map 
^o,pfnE — > ^Q,pE is an isomorphism, hence Fj:^^gIlo^pE = no,j,£'. □ 

Remark 9.13. The reader may object that the collection of transfer maps used to 
define F^'^^ '^''IlQ^pE{F) is rather artificial. However, the fact that the general 
transfer maps mentioned in remark 19.51 respect the filtration F^^^^TTmE, together 
with theorem 19.121 shows that, if we were to allow arbitrary transfer maps in our 
definition of F^^^ '^''Ilo,pE{F), we would arrive at the same subgroup oiIlojnE{F). 

Our main result for a T-spectrum, theorem [2l follows easily from theorem 19. 121 

Proof of theorem\^ Using lemma [121 we reduce to the case p Essentially the 
same argument as used at the end of the proof of theorem 19.121 proves the part of 
theorem [2] for n < 0. 

If n > 0, then for 6 > 0, we have 

Tiafi^ ^ T^a,b^T^ £ flcmma 
T^afifnS = ■na,b^Tfn£ = TTa,bfn^T£ (Icmma [l^) and dm]) 

Thus, in case n > 0, theorem [2] for £ is equivalent to theorem 19.121 for il'^£, 
completing the proof. □ 

Finally, we can prove our main result for the motivic sphere spectrum, theorem[T] 
Let £ = Sfc. Then Morel's isomorphism (|9.4p and lemma [2?2] give 

Ii.,n¥£=K^ fora^0,6>0 
' ^ [0 fora<0,6>0. 
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Theorem 9.14. Let k he a perfect field of characteristic ^ 2. 

1. For all n > p > 0, g G Z, and all perfect field extensions F of k, we have 

F^,,,Uo^,n^i:l^MF) = K^,L'^{F)i{Fr c 

where N — N{n ~ p,n — q) niax(0, min(n ~ p,n — q)). In particular, 
F?,,,7ro,o§fc(^^)=/(F)«cGW(^^). 

2. For n < p, we have the identity of sheaves F^^^Jlo^pfl^Y^Q Sfc = K^[^ . 

3. In case k has characteristic zero, we have the identity of sheaves 
with N as above. 

Proof. Let N be as defined in the statement of the theorem. We first note (3) 
follows from (1), in fact, from (1) for all fields extensions F finitely generated over 
k. Indeed, F^^^^^Uo^pQ^'EQ^Sk is the image of the map 

induced by the canonical morphism /„rj!^I]g — > fi^fS^ Sfc. By results of 
Morel [9^, theorem 3 and lemma 5], both homotopy sheaves are strictly A^-invariant 
sheaves of abelian groups. But the category of strictly A^-invariant sheaves of 
abelian groups is abelian |9l lemma 6.2.13] , hence F^^^^Ho^pW^TiQ Sk is also strictly 
A-'^-invariant. It follows, e.g., from Morel's isomorphism 

that the sheaves are strictly A^-invariant; as K^^J^I^ is the image of the 

map 

^'l -i^q-p+M ^ — g-p ' 
where M = N \i q - p > Q, M = p - q + N \i q - p < Q, \i follows that K^"^I^ 
is strictly A^-invariant as well. Our assertion follows from the fact that a strictly 
A^-invariant sheaf is zero if and only F{k{X)) = for all X G Sm/fc, which in 
turn is an easy consequence of [lit lemma 3.3.6]. 
Next, suppose n— p <Q. Then TV = and 



F^^,Jlo^pn^Y.l^Sk = ^^^-.^o.of^L^T (lemma [23) 

= no^pri^^Sg Sfc (adjunction) 
= K^J^ (Morel's theorem) 

proving (2); we may thus assume n — p > Q. 

By (dll), we may apply theorem[9lIl which tells us that i^-Ja^t^HcpO?? S^^§fc(i^) 
is the subgroup of no,prif?SQ^§fe(F) ~ K^_^ {F) generated by elements of the form 
Trp{w)* {y ■ x) with 

y G no,„17??S«_^§fe(F(u;)) = if*T(^(^")) 
x€K^'^p{F{w)). 
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Suppose that n — q < 0, so N = 0. Then q — n >0 and n — p > 0, and thus the 
product map 

is surjective. Since the map Trp{w) is an isomorphism for w G Ki(i^), we see that 

Suppose n — q>0. Then 

is surjective. If n — p > n — q, then the image of fin-p,q-n is the same as the image 
of the triple product 

as the image of 

is I{F{w j)''-'^, we see that the image of Ai„-p,g-„ is and 
thus 

Similarly, if n — q > n — p, then the image of fin-p,q-n is the same as the image of 
the triple product 

which is K^L^{F{w))I{F{w))''-P. Thus 
in this case as well. 

Thus, to complete the proof, it suffices to show that, for w a closed point of VnP, 
and A'^ > an integer, we have 

(9.5) TrpiwY {K^'J^{F{w))I{F{w)f) C K^J^ {F)I{Fr . 

First suppose that q—p > 0. Take a closed point w e VnP and elements xi, . . . ,xn G 
F(u;)^, y e We have 

TrF{w)*{y ■ [xi]t] ■ [xN]r]) = TrF{w)*(y ■ [xi] ■ [xN]r]'^) 

= TrF{w)*{y ■ [xi] ■ [xn]) ■ ?7^. 



where we use remark 19.111 in the last line. Since q — p > 0, K^_p {F)I{F) is the 



image in K^[^ (F) of the map 



x^^:K^Lf^j,{F)^K^J^{F), 



which verifies (|9.5p . 

In case q — p < 0, write y — yor/P^'^, with yo £ Kq'^^ {F{w)). As above, we have 
TrF{w)*{y ■ [xi]t] ■ [xN]r]) = TrF{w)*{yQ ■ [xi] ■ [xn]) ■ rf^^^ , 
which is in Tyf^" • [i^*^^^(F)77^] = K^iJ {F)I{F)^ , as desired. □ 

Theorem 19.141 yields the main result for the 5'^-spectra by using the 

S^-stable consequences of Morel's unstable computations, theorem [ 
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Corollary 9.15. Let k be a perfect field of characteristic ^ 2. 

1. For all n > p > 0, q > 1, and all perfect field extensions F of k, we have 

with N{n — p,n ~ q) as in theorem \9.14\ 

2. For n<p,we have F^^^^^no^pEf G,^« = Ho^pEf (r^^^« 



3. If char fc = 0, we have the identity of sheaves 

PTate^0,p2^s = Kq-p ^ ^ C J<g_p . 

Proof. As in the proof of theorem 19. 141 it suffices to prove (1). 

The main point is that Morel's unstable computations show that the Gm-stabilization 
map 

Hom5„^, (fe) (srsrG,? A Spec F+, S^G,:),') 

-> Hom5«,,,(fc)(SrsrG,^f+i A Speci^+, ^TK,?^') 

is an isomorphism for all m < 0, p > and q > 1. 
Let E{p,q) = f^'^^Sf G^^9, and let 

Eiq-p) = n^^^j^^G:;? = n^^tjSk. 

Then 

^,i?(p,g) = n,,psrG:^«. 

Thus Ila,*E{p,q) = for to < and so we may apply proposition 13.41 to give 
generators of the form o I]f'Qp{w) for 

^^a;e'no,of^L^rGr„''(F) = f^^,,,no,psrG::,''(F). 

But ^u, is in 

Tr^ri+p^T~^ E{p, q){w) = 7rQ,n^pE{p,q){w). 
Similarly, we have generators Cw ° ^TQFiw) for F^^^^noE{p — q){F), with 

Cw e TTo,n-pE{p- q){w). 

But the stabilization map 

no,n~pE{p, q){w) T:o,n-pE{p +l,q + l){w) 

is an isomorphism, and hence we have an isomorphism from the generators for 
F^~^^ttqE{p, q){F) to the generators for 

PTs:t>oE{q - p){F) = \imF:}Z^oE{p + m,q + m){F). 

m 

As the map 

noEip,q)iF) ^ TToEiq - p)iF) = K^iJ (F) 
is an isomorphism, it follows that the surjection 

FrZ^oEiq ~ pm -> F--/^noE{q - p). 
is an isomorphism as well. By theorem 19. 14[ we have 

F:^Z^oE{q-p) = K^L'^iFnFr C K^iJ{F), 
completing the proof. □ 
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Theorem 19.141 also gives us the T-stable version 

Corollary 9.16. Let k be a perfect field of characteristic ^ 2. For n,p, g G Z, and 
F a perfect field extensions of k, we have 

For n <p, we have F^^^^'Kp_pYig^ Sfe = K^^J^ . //charfc = 0, we have 

Proof. Using lemma 12.21 and lemma 19.91 as in the proof of theorem 19.121 we have 

pn _ IS — p"-P+'"_ s^Q-P+ri^ 

^Ta.tc^P,P^G„^'^k — -t^Tatc ^r,r^Q^ Sfc 

for all integers r. As our assertion is also stable under this shift operation, we may 
assume that p,q > 0. We note that Sk is in S'W^^ {k), hence so are all Eg Sfc for 
g > 0, and thus 

for n < 0, p, g > 0. The truncation functors /„, n > 0, on S'H{k) and ST-Ls^i^) 
commute with V,'^ , and Tia.pfl^S — iTa.pS for £ G 5'H(fc), p >0. This reduces us to 
computing computing F^^^^TTp^pfl'^Y,^ for n,p,q > 0, which is theorem l9.14l □ 

10. Epilog: Convergence questions 

Voevodsky has stated a conjecture [HI conjecture 13] that would imply that for 
£ = X G Sm/k, the Tate Postnikov tower is convergent in the following 

sense: for all a,b,n G Z, one has 

f^mF™g^^^7ra^bfn£ = 0. 

Our computation of F^^^^iTp^p'S^G'^ gives some evidence for this convergence con- 
jecture. 

Proposition 10.1. Let k be a perfect field with charfc 7^ 2. For all p,q > 0, and 

all perfect field extensions F of k, we have 

Proof. In light of theorem 19.141 the assertion is that the /(F)-adic filtration on 
K^!_J{F) is separated. By [H theoreme 5.3], for m > 0, K^^ {F) fits into a 
cartesian square of GW(F)-modules 

ifW(^) >K^il{F) 

PS 

HF)"" 5-^ L{F)"'/L{F)"^+\ 

where K^{F) is the Milnor K- group, q is the quotient map and Pf is the map 
sending a symbol {ui, . . . , Um} to the class of the Pfister form <<mi, . . . , Um>> 
mod For m < 0, K^^{F) is isomorphic to the Witt group of F, W{F), 

that is, the quotient of GW(fc) by the ideal generated by the hyperbolic form x'^—y^. 
Also, the map GW(F) W{F) gives an isomorphism of L{FY with its image in 
W{F) for ah r > 1. Thus 



K^'^{F)L{F) 




L{FY C W{F) for m < 0, n > 

j^p^n+ni ^ for m > 0, n > 1. 
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The fact that n„/(i^)" = in W{F) or equivalently m GW{F) is a theorem of 
Arason and Pfistcr [1]. □ 

Remarks 10.2. 1. The proof in 10 that K^"^ [F] fits into a cartesian square as 
above rehes the Milnor conjecture. 

2. Voevodsky's conjecture [loc. cit.] asserts the convergence for a wider class 
of objects in SH{k) than just the T-suspension spectra of smooth fc-schemes. The 
selected class is the triangulated category generated by 'S^'S^X^, X 6 Sm/fc, 
n £ Z, and the taking of direct summands. However, as pointed out to me by Igor 
Kriz, the convergence fails for this larger class of objects. In fact, take £ to be the 
Moore spectrum Sfe/£ for some prime 1^2. Since Ilo^gS/c = for a < 0, propo- 
sition [321 shows that no^g/„§A; ~ for a < 0, and thus we have the right exact 
sequence for all n > 

In particular, we have 

^TateT^Cof (fc) = »™ (F^atc'ro.oSfc(fc) ^ ^0,0§fe(fc)/^) = im {I^kT ^ GW(fc)/£) . 

Take k — M.. Then GW(M) — with virtual rank and virtual index giving the 

two factors. The augmentation ideal /(M) is thus isomorphic to Z via the index 
and it is not hard to see that 7(R)" = (2"-i) C Z = /(M). Thus ttq.o^^ = TLjl^ljl 
and the filtration F^^^^-kq^Z is constant, equal to l^jl — /(R)/£, and is therefore 
not separated. 

The convergence property is thus not a "triangulated" one in general, and there- 
fore seems to be quite subtle. However, if the /-adic filtration on GW(F) is finite 
(possibly of varying length depending on _F) for all finitely generated F over fc, 
then our computations (at least in characteristic zero) show that the filtration 
^Tato^PiP^T^'^m^ is at Icast locally finite, and thus has better triangulated proper- 
ties; in particular, for 7^ 2, 

^o,o(§fc/^) = Z/^, ^^^,t,7ro,o(§fc/^) = for n > 0, 

as the augmentation ideal in GW(i<") is purely two-primary torsion, and Itto.qSa; = 
0. One can therefore ask if Voevodsky's convergence conjecture is true if one as- 
sumes the finiteness of the /(i^)-adic filtration on GW(F) for all finitely generated 
fields F over k. 
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